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ON 2.~-ESCAPE IN A LINEAR MANY-PERSON DIFFERENTIAL GAME
WITH INTEGRAL CONSTRAINTS™

P. B. GUSIATNIKOV and E. Z. MOKHON'KO

A criterion of guaranteed evasion from contact with an estimate not tending to zero
as t—-+ o is derived for a linear many-person differential game with integral
constraints. The possibility is proved of [ -escape and of [ -escape in a broad
class of linear differential games. The paper borders on the studies in /1—8/.

1. Let the motion of a vector :z in an n-dimensional Euclidean space R be governed by
the vector differential equation

dz/dt =Cz—u-+v, ucsP, v (1.1)

Here ( is a constant »nth-order square matrix, u = u () is the control vector of pursuer U,
v = v (f) is the control vector of evader V,P and @ are linear subspaces in R, dim Q > 3.
Finite measurable wvector-valued functions v () and u () square summable in modulus on each

finite interval and satisfying the relations
t t
- . — . — . .2
(luwpas<er Spopds<oy, w@EP, v)EQ p=comst>0, o= const >0 .2

0 o

for each t >0 are everywhere called the controls of the players (of the evader and the
pursuer, respectively). Suppose that a terminal set M has been prescribed in &, being the
union of linear subspaces M; (i =1,..., m). The pursuer's purpose is to take point z () onto
the terminal set Jf; the evader's purpose is to guarantee evasion from set M. We say /1l/
that the many-person differential game (1.1) with integral constraints has been defined by all
the data listed.

Definition. We say that [ -escape is possible in game (1.1) if for any initial
state zy = z.(0) & R \ M the escaper, knowing all the data describing game (1.1) and the values
of z(s), s&10,1] and of u (1) at each instant {, can construct, for any pursuer's control

w* = {u (1), t >0} his own control v* = {; (1), ¢ > 0) so as to ensure the estimate
o (1) =1 (-3
for t> 0, where [ (1) >0 (t = (0, + o)) is a function dependent only on game (1.1) and independ-
ent of 20, such that [(f)— > as t— + 2; p (z) = dist (z, M) is the distance from point z to
set M.
An estimate of type (1l.3) is called a guaranteed estimate. If for game (1.1) numbers
!1>0 and 0 > 0 exist such that

L =1 t>0 (1.4)

in the presence of estimate (1.3), then we say that an [ ~escape obtains.

For the I-escape problem posed in /2/ necessary and sufficient conditions have been
obtain /3,4/ for stationary differential games with geometric constraints. For many-person
games with integral constraints the first guaranteed estimate was obtained in /5/ (in /5/ in the
general case () —0,¢t— + o, but the [ -escape problem still was not solved). In the present
paper, for a sufficiently broad class of linear differential games, it is proved that I
escape is possible under the fulfillment of Conditions 1—4 (see Sect.2 below) and, as an
obvious corollary, so is [ -escape (I~ —escape corresponds to the possibility of guarantee-
ing the evader an evasion of the terminal set by any preassigned distance [, i.e., an [-
escape in which number [ now is independent of game (1.1)).

By L; we denote the orthogonal complement to A; in . We assume that dim L; =3 (i -=1,...m)
and we fix three-dimensional subspaces W;CL; (i =1,...,m) and a three-dimensional space
Q*C Q. By m {i—=1,...,m), 7,and n* we denote orthogonal projections operators from R onto

W;, P and Q% respectively; by @ (r) wc denote the matrix €“; by || Bl we denote the norm
of linear operator f; by K we denote the unit sphere in Q*.

2. Let us formulate the escape conditions.

Condition 1. All eigenvalues of matrix ( are real.

Condition 2. For each i—=1,..., m there exist nonsingular constant linear operators
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A; acting from Q* onto W; and continuous functions 8; (!) >> 0 nonnegative on {0, 4-00) such that

a,® (Hn* = §; (1) A;n* (2.1)
It is well known /6/ that in this case each of the functions §; (£} is a quasipolynomial
i s xi ;
S, (t)=eM"'Pit) ... e r,;'p}i(t) (i=1,...,m) (2.2)
in which A} > Azi >0 > ?»,.ii are the eigenvalues of matrix (, while the degree of each of
the polynomials P,-” (t) is less by one (or more) than the multiplicity of eigenvalue Aje
Condition 3. For each i=1,...,m, Ai > 0for the quasipolynomial §, (1) given hy
Condition 2.
We set
vi () =1 A7 @) ngll, r>0, Hi(t, 2)=4""nuP @)z, >0, z=R
Lemma 1 /7/. If in the quasipolynomial h (t) = eMt Py (£) + . .. + & p, (1) all &; (i=1, ..
., k) are real, while the degree of each of the polynomials P; () equalss; (i =1,..., k), respect-
ively, then h ({) has no more that k¥ — 1 + s ...+ s zeros on the real axis.
By virtue of this lemma and of Condition 1, for each i =1,...,m a number N; {n exists

such that the number of zeros of the scalar function (e.H; (¢, z)) on the semiaxis (&[0, + o)
does not exceed N,; for fixed z& R and ee& K (to prove this it is enough to note that (e-H; (£,
z)) is a quasipolynomial of type (2.2)).

Lemma 2. (cf. Lemma 1 in /1/). For any fixed z & R there exists a vector ¢ (z) & K
such that
{Hi(t, 9 —he(@ > A/D WV Np)y i=1,..om &0, + oo) (2.3)

Vg r (va R ] ]Vyn) == 182! 1Vi + 22
for all real . 1=t

Condition 4.

_ max sup vi(-r)I‘(Nl,...,Nm)/éi(r)zp.E(O, i) (2.4)
i=1,..., m rgfo, ) 3
Let

ot)=>1+17", >0, Li(t)=85a(t—3)m(8)ds, L(t)y=min (L (2), . .., L (£)}

0
Lemma 3. If condition 3 is fulfilled, then L (f) > + oo as t— 4 oo.

Proof. Obviously, it is sufficient to verify that L;()—+ o as t— 4+ . Let ¢ be
the degree of polynomial Pl (), i.e., P} () = Agt%+ ...+ Ay Since M>M>...>M, 8 (1) [Ao”;qe*}'rl -1
as t— t+ . Consequently, A0'>0 and 4 >1 exists such that the inequality
1
'Sl (t)}‘/2A;tq ehll =1, A:
is fulfilled for all t>4 (in the last inequality we used the fact that A}>O). For t>t we

have —t —ts

b — 4 ¢ d
Li)> S —11_%_:)(15970 S ﬁ;—»-{-w,t—»-{-oﬂ
0 1)

3. Theorem. Let Conditions 1—4 be fulfilled for game (1.l1). Then I.-escape is
possible in game (1.1).

Proof. By the Cauchy formula we have

i t t

iz () =D () 20 + Y D (£ 9) [0 (5) — w(s) ds = A;H, (8, 20) + {8 (t—5) Aw () ds — (@ (¢ — s)u(s) ds
0

0 0

Applying the operator 4;' to both sides of this eguality, we obtain

3 : ! (3.1)
| ATtz (1) > | Hy (1 z0) + 80 (0 — ) v () ds | — Sy (¢ — ) [ (5) | ds
) 0
Let the constant A > 0 be such that
p=o/( + A) (3.2)
By Lemma 2 a vector e,= e(z,) ©xists such that estimate (2.3) is valid for all i=1, ..., m (when
z = z,). We set
V() = —peo (lu(s) |+ Aw (s), s>0

Then for any control u* of player U
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ngﬁﬁguﬂdiw@VMYi+A@TgEFY@ﬂgmw+Ar=oa (3.3)

[ i
so that the integral constraint is fulfilled. In addition, by virtue of (2.3) and (2.4}

t !
A

|H{ (t, Zo) +&6i(t—s)v(s) ds l > 'I‘(TL,*E_N,:)'{S&’ (t—s)|u(s)|ds+ AL; {t)} > Syi (t—s) fu(s)y|ds -+ F—UVI.P‘—W—T Li{t)
[ [ [ m

Therefore, inequality (3.1) yields the estimate

BAL (1)
LNy, ... ‘N'"L"i‘?,",,f! fjl I

[z @) | 2 [AT ) AT 200, t220, i=1,...my ()=

— oo, fes o0

by virtue of Lemma 3. The theorem is proved.

4. As an example we consider the escape problem for one pursued object y whose motion
is specified by the linear vector differential eguation

gE oyt gy = (4.1}
from m pursuing objects z; ({ =1, ...,m) each of whose motions is specified by the eguation
¥ 4 b I br, %= (4.2)
In formulas (4.1) and (4.2) g;{j=1,..., k% and b =1, .k i=1,.., m) are real numbers,

v, ¥;, ¥, 2; are v -~dimensional vectors in a Euclidean space ¥ (dim E =v > 3), u; and v are con-
trol parameters subject to the constraints (for each t = 0)

1 t

S[v(s))’dsga‘“‘; S[u, {s)Pds<Cp% (o =const >0, p; =comst >0 (f=1,... m)

0 0

(4.3)

The pursuit is considered ended when
p)= min |, O~y |=0

i=1l,...,m
Let us verify Conditions 1— 4 for problem (4.1)— (4.3). By 8 (f) we denote a solution
of the homogeneous scalar differential equation

8K b0 L g d = 0 (4.4)
with initial condition
Oy =80)=...=8M210) =0, 8¢-D( =1 {4.5)
By v:(f) we denote a solution of the equation
P bty L by =0 (4.6)
PO =9 @ = W7 =0 ) =1 (4.7

Reducing problem (4.1)— {4.3) in standard fashion (see /8/) to the linear game (1.1}, we get
that Condition 1 takes the form

*
Condition 1 . B&ll eigenvalues of Egs.(4.4) and (4.6) are real.
It is well known /6/ that in this case the function § () does not vanish on (0, - oo},

Condition 2 is automatically fulfilled, and &; () = |8 ()| (( = 1,...,m), while transformation
4; coincides to within sign with the identity transformation. Finally, the function Vi 13]
introduced in Sect.2 coincides with the modulus of the function v; (f) just introduced. The

scalar function{e-H; (t, 2,)) is the difference between the solutions of differential Eg. (4.4)
and of one of Egs. (4.6), in connection with which it has, by Lemma 1, no more than #& + k; —
1 = N; zeros. Conditions 3 and 4 turn into the following.

*
Condition 2 . One of the eigenvalues of Eq, (4.4) is nonnegative.

*
Condition 3 .

max sup
i=L,...,m re(0, =)

m
v; A7) . . . 5 e
B e 0. 2) o=(Se0)
fpey
Let us derive a simple criterign ensuring the finiteness of number M {and, consequently,
guaranteeing, when Conditions 1¥and 2  are fulfilled, the possibility of /.-escape when the
ratio 68/p is sufficiently large).
Lemma 4. Let k<k (i =1,...m) and for each i let the largest eigenvalue of Eg. {4.6)
not exceed the largest eigenvalue of Eq. (4.4) (and, in case they coincide, let the multiplicity
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of the first not exceed that of the second). Then W <<+ oo.
The computation of constant p for an analeg of Pontriagin's check example

+ alzl = Ui (l = 1,m), y" £+ By —»
with constraints (4.3) yields

Conditions 1* and 2* are trivially verified.

5. We present an example showing that [ -escape may be absent in a game with integral
constraints. Consider the "child and crocodile" problem:
+ +oo
= [ u@re<e, y-v, [ v@Ps<e, @y u o B dinE> o
o [

—
w
.
i
N

with a terminal set defined by the condition z=y. Escape is possible in problem (5.1) /5/
with an estimate of type (1.3), and () —0 as :— 4 o. Let us show that [-escape is impos-
sible in game (5.1). The proof is by contradiction. Let />0 and initial data =z, ==z (0), yo =
y(0), zy = ' (0) exist for which the evader can, by using his own information, ensure the inequal-
ity

[2(0) —y | >4>0 (5.2)
for all sufficiently large t (for definiteness, for :>0). We set

x=rp02 =[] (1—2BY, g = (gw

im1

We assume that the pursuer plays the game in cycles (the ! -th cycle starts at instant T; and

ends at instant Ty, = 7;+ 6; which is the starting instant of the next cycle; 7, = 0). At
the start of the i-th cycle the pursuer determines the quantities
T; T;
¢ \ (5.3)
pi2=pz—3 |u (s) Pds>0, sizzcz_s [v(s)[2ds >0
0 L]
specifies the duration §6; > 2e, of the cycle so as to ensure the inequality
N . _1_ —_ .
Il < o270 @ O ry =y (1) —2(T) — Biz (T, 9 () = (s + Dlog s+ 1) — s (5.4)

(this is obviously possible for a sufficiently large 8;), and sets his own control over the
whole cycle equal to

vis g\

u s) = {(1 +s—T)r /e (Gi)—{—ﬁ v s (T 48, Ty, —e] (5.5)
d+s— T,-)_l r/e (ei)i se T, Ti+1]\\[Ti = €, Ti+1 — g}

A direct calculation convinces us that

Tipa
vy s =9,y =y (Tyyy) —2(Tiyy)
T4y —28
so that by virtue of (5.2)
Tiqr
Iy 5.6
sE—ohn > Y v () P> 0py, 2 > o (5.6)
Tiqy—20 v

Let us verify that by such a method the pursuer (under the condition that the evader
observes his own integral constraint, which is obligatory) has fulfilled the inequalities
i-1
i=1,2,..., o ﬁ_H(i 2721 (5.7)

»® =0

2 2
Pt > 570, —

which leads to a contradiction between (5.3) and (5.6) (we would have o®> il}(28)! for all i
which is absurd) and completes the proof. Indeed, for i=1 inequality (5.7) is obvious.
Henceforth we argue by induction. If (5.7) is fulfilled for a number i, then by definition
(5.5) and inequality (5.4)

p} — o}, < (2771 4 gl (a2 — 02 Veyagc p227 %t 4 2e52(0? — o]
in connection with which

1,302, 3> Vaggp p? (1—278Y) — (o — o}y = ol loy, — 1+ o), > o0,

1+1)

i+L
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as required (here we have used the nonnegativity of the expression within the brackets and
the inequality o} > ol ).
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